Fiber supercontinua represent light sources of pivotal importance for a wide range of applications, ranging from optical communications to frequency metrology. Although spectra encompassing more than three octaves can be produced, the applicability of such spectra is strongly hampered due to coherence degradation during spectral broadening. Assuming pulse parameters at the cutting edge of currently available laser technology, we demonstrate the possibility of strongly coherent supercontinuum generation. In a fiber with two zero-dispersion wavelengths a higher-order soliton experiences a temporal breakdown, without any compression or splitting behavior, which leads to nearly complete conversion of input solitonic radiation into resonant nonsolitonic radiation in the dispersive wave regime. As the process is completely deterministic and shows little sensitivity to input noise, the resulting pulses appear to be compressible down to the sub-cycle level and may thus hold a new opportunity for direct generation of attosecond pulses in the visible to near ultraviolet wavelength range.
INTRODUCTION
Generation of octave-spanning spectra is demanding at the relatively low excitation energies of oscillator sources. Such supercontinua have revolutionized frequency metrology with frequency combs in the visible to mid-infrared enabling ultrahigh-resolution spectroscopy [1] [2] [3] [4] . Supercontinua encompassing more than three octaves have been produced, for example 5 , in a ZBLAN photonic crystal fiber (PCF), spanning the range from 200 to 1750 nm. However, such ultrabroad spectral bandwidths come at the price of complex interaction scenarios, which cannot be easily adapted to generate short pulses anywhere close to the bandwidth limit of the supercontinuum. The production of such coherent pulses is highly appealing for applications that rely on the shortness of the pulse, for example, ultrafast spectroscopy. The common mechanism for supercontinuum generation in PCFs relies on a higher-order soliton breakup scenario via fission or modulation instability in fibers with a zero-dispersion wavelength (ZDW) [6] [7] [8] [9] , accompanied by the generation of Cherenkov-like radiation 10 , which enables an efficient transfer of soliton energy into the normal dispersion regime 11 . This four-wave mixing-based process is often also called resonant radiation and is phase-matched for a wide wavelength range around one center wavelength. Group-velocity matching may additionally appear and further enhance the efficiency of the Cherenkov process. Although the scenario of soliton breakup is very efficient in terms of obtainable bandwidth of the supercontinuum, it is also highly susceptible to noise on the input pulse train. Even fluctuations on the quantum noise level suffice to produce substantial shot-to-shot variation of the output spectra. In practical terms, the output spectra lose their shot-to-shot coherence. Consequently, soliton fission (SF) supercontinua cannot be compressed into a train of short pulses anymore 6, 7 . Using fibers with two ZDWs enables a simultaneous transfer of soliton energy to the two normal dispersion regions, both in the infrared as in the visible wavelength regime [12] [13] [14] . This dual transfer leads to a higher degree of coherence and further stabilization 15 . Such behavior has already been observed experimentally in pioneering works on SC generation in the 1550 nm telecommunication band [16] [17] [18] . In the latter studies, the critical dependence of the resulting spectra on the dispersion properties has already been recognized, but was not yet fully theoretically investigated at the time. The presence of a second ZDW has been reported to lead to a number of effects that are absent in single-ZDW fibers, for example, a modified spectral recoil phenomenon or the generation of coupled soliton pairs 13 . Nevertheless, the main underlying mechanism for supercontinuum generation is typically imposed by the standard soliton fission process, which has the same fundamental limits for coherence properties that inhibit the few-or even single-cycle pulse generation 19 . Somewhat unusual propagation dynamics have been observed experimentally 20 in fibers with a narrow anomalous dispersion region between two ZDWs. Here no soliton fission is observed for ultrashort input pulses and the energy in the anomalous dispersion region is completely depleted. Unfortunately, the resulting output spectral bandwidth does not appear significantly broader than the one resulting from self-phase modulation (SPM). Recently, some alternative mechanisms for supercontinuum generation have been discussed, which may enable to overcome the major shortcoming of the soliton breakup mechanism. For example, a fully coherent photonic chip-based optical frequency comb that spans 2/3 of an octave has been demonstrated, promising on-chip applications, that is, for frequency metrology 21 . The coherent broad spectral bandwidth is resulting from highly efficient transfer of energy to Cherenkov-like radiation. Going to the cutting edge of currently available laser technology, we predict a regime of soliton breakdown in fibers with two ZDWs. This process exploits the Cherenkov radiation with an extremely high efficiency. Using few-cycle input pulses with elevated pulse energies, the resulting breakdown is free of complicated pulse splitting behavior or compression and accomplishes a nearcomplete transfer of solitonic radiation into highly coherent octavespanning spectra in the normal dispersion regime.
MATERIALS AND METHODS
For the investigations of the propagation dynamics, it is necessary to use a non-envelope variant of the nonlinear Schrödinger equation, which enables the description of propagation dynamics within a nonlinear optical waveguide for ultrashort pulses down to the subcycle regime. To this end, we numerically solve the unidirectional propagation equation 22, 23 for the analytical signal ℰ, which is connected to optical field in frequency domain E(z, ω) by
Eðz; oÞe Àiot . The resulting equation then reads
where n 2 is the nonlinear refractive index (3 10 À16 cm 2 W À1 ), c is the speed of light in vacuum and () + denotes isolation of the positive frequency part by setting amplitudes at negative frequencies to zero. Operatorb is defined in the frequency domain via multiplication to the propagation constant β(ω), and V is the velocity of the moving frame such thatbexpðÀiotÞ ¼ Ài½bðoÞ À o=V expðÀiotÞ. In our case, β(ω) is defined via the Padé approximation 24 . The parameters f K and f R = 1 − f K describe relative contributions of the Kerr and the Raman effect, respectively, andĥ denotes convolution with the Raman response functionĥ7ℰðz;
The specific values of f R and τ 1,2 are assumed as 0.18, 12.2 and 32.0 fs, respectively. The velocity V is taken to be equal to that of the fundamental soliton for the corresponding frequency. A main advantage of this formalism is its inherent capability to correctly describe four-wave mixing processes between frequency components that are more than an octave apart. The resulting description of the optical field is equivalent to using the forward Maxwell equation 6 , yet with the benefit of a clear separation from third harmonic generation, thus allowing to investigate the impact of the different effects independently. If the slowly varying envelope description is applied, Equation (1) reduces to the standard nonlinear Schrödinger equation, and the absolute magnitude of ℰ(t, z) is same as that of the envelope. For numerical solution of Equation (1), we use a standard splitstep method, with the implementation of the Runge-Kutta integration scheme for the nonlinear term and an adaptive step-size control in z. A standard de-aliasing procedure 25 has been employed throughout.
For our simulations, we consider a standard nonlinear fiber with two ZDWs, as it is commercially available (NL-PM 750). Dispersion properties are depicted in Figure 1a, 
The number N plays important role in the soliton fission process 8, 13 . We note that this initial condition does not correspond to any exact solution of Equation (1) (although it is an analytical solution of the simpler nonlinear Schrödinger equation). We further remark that under the assumption of arbitrary dispersion, Equation (1) generally possesses no analytical solution although it can be found for some dispersion profiles (and, alternatively, for other forms of the nonlinear term) 22, 26, 27 .
RESULTS AND DISCUSSION
Let us first address the situation of a fiber with two ZDWs for the case of fairly conventional many-cycle input pulses, reflecting the usual well-known soliton fission process 26 . In this case, a higher-order soliton breakup is typically observed. Assuming equal pulse duration τ = 90 fs and soliton order N = 20, but using three different input wavelengths between 800 and 1250 nm, one can observe different realizations of the soliton breakup process (Figure 1b-1g ). For the input wavelength of 800 nm (Figure 1b and 1e), fundamental solitons split off the higher-order soliton one after the other during the propagation, which is known as SF. Choosing an input wavelength of 1250 nm, that is, close to the second ZDW (Figure 1d and 1g) , the SF process leads to a formation of fundamental solitons with a higher group-velocity due to the negative β 3 coefficient for this wavelength. The solitons are ejected at the leading edge, which is accompanied by excitation of phase-matched radiation in the normal dispersion regime toward longer wavelengths. In the contrasting case of modulation instability ( Figure 1c and 1f, input wavelength 1000 nm), fundamental solitons are created via breakup of the input pulse via Akhmediev breathers 28, 29 . This case results in an even quicker degradation of the coherence 6, 7, 30, 31 . In all cases, nonsolitonic Cherenkov radiation appears, and relatively long pulses of many cycles (410) duration emerge. Now going to shorter few-cycle input pulses, one expects that the concept of fundamental envelope solitons breaks down 32, 33 . From a mathematical point of view, solitary solutions of pulse propagation equations are expected to either become unstable or exhibit singularities 34 . Practically, already in the two-cycle regime, formation of a rather unphysical cusp-like structure is theoretically predicted to form in the vicinity of the soliton peak. In reality, the formation of such discontinuous pulse shapes is prevented by the actual dispersion properties of the medium. Consequently, the neglected spectral dispersion of linear and nonlinear properties determines the shortest obtainable possible pulse duration and limits the largest possible peak power. However, little is known about few-cycle higher-order solitons although such pulses are nowadays experimentally accessible. Especially, there should be a strong impact of this limiting phenomenon on the well-known supercontinuum generation process by soliton fission.
Starting at a pulse duration of about 10 cycles and decreasing the duration further, we see increasingly strong deviations from the wellknown breakup scenarios, with solitons eventually dying out at about six cycles duration. It is important to note, that we investigate the propagation dynamics in the few-cycle regime for similar soliton orders (N = 10 and below), to underline that the standard soliton fission process is not scalable into the few-cycle soliton regime. In our new scenario, the high-order soliton is rapidly annihilated on a scale of just hundreds of micrometers of propagation, without the ejection of any fundamental soliton. We do not observe any soliton compression, the typical first step of the higher-order soliton propagation. There is also neither any increase of peak intensity nor decrease of pulse width. In contrast, the amplitude of the soliton experiences tremendous decrease on the extremely short propagation scale. These new dynamics are shown in Figure 2 for the case of N=10, t=10 fs and l=1000 nm. In the course of the catastrophic collapse in the time domain (Figure 2a and 2b) , the spectrum also broadens dramatically (Figure 2c and 2d) . This disruptive broadening is governed by the combined action of SPM, shock formation due to self-steepening, as well as emission of phase-matched Cherenkov radiation. Especially, the impact of the shock formations appears to have an important role for the significant spectral broadening. There is no soliton fission and the output spectrum results in a complete depletion of the anomalous dispersion regime. This behavior is similar to the experimental observation in Ref. 20 , although in our case the spectral broadening is much stronger than would be allowed by SPM.
An increase of the efficiency of the energy transfer to dispersive waves for ultrashort pulses pumped in the anomalous dispersion regime has been observed experimentally in a fiber with one ZDW. In Refs 35, 36 conversion efficiency (up to 40%) and broad bandwidth for the isolated Cherenkov radiation are reported, where the typical frequency up-conversion process has been exploited by employing pump pulses in the few-cycle regime. In the course of the implosion- Simple route toward efficient frequency conversion I Babushkin et al like behavior observed here, nearly all energy is pushed out of the anomalous dispersion range. Subsequently, the pulse starts to temporally broaden quickly because of joint action of nonlinearity and normal dispersion. Finally, after a few millimeters of propagation, the peak intensity decreases to a level where nonlinearities become negligible. Figure 2a and 2c shows the temporal and spectral profile at the end of the fiber, respectively. The blue lines represent the results obtained directly with Equation (1). It is worth noting that the soliton breakdown appears to be fairly general and does not depend critically on particular effects in the propagation equation apart from generic dispersion and a Kerr-type nonlinearity. In particular, we were able to reproduce the same behavior when excluding the Raman term. In fact, omission of the Raman effect leads to even broader spectra. As the soliton disappears very fast, there is no soliton-self frequency shift 37 , which can be accounted for a modified recoil effect, and the Raman effect appears as a marginal perturbation. We also performed test calculations with the other variant of the propagation equation, namely unidirectional equation including harmonic generation and dispersion in the nonlinear term to all orders (green lines in Figure 2a and 2c) 8, 38, 39 , which reveals only marginal effect on the overall observed process. Furthermore, robustness of the whole process is further confirmed by simulation with initial pulses that deviate from ideal higher-order soliton shapes. Figure 3 shows the detailed evolution of the soliton implosion for the first few hundreds of micrometers for τ = 20 fs and N = 20. The initial pulse immediately experiences steepening at its leading edge, and a shock front is formed (red line in Figure 3a) . The shock zone is only~250 attoseconds long (in contrast to the pulse duration).
These findings indicate a prevalent role of Kerr-induced self-steepening effects in the pulse shaping dynamics. The shock front formation is accompanied by rapid spectral broadening as shown in Figure 3b . At the onset of this process, most of the pulse energy is already transferred towards outside the initial soliton wavelength range. Some part of the energy goes to the low-frequency part of the spectrum, whereas another part is transferred into the visible range. This process reaches remarkable efficiency in a fiber with two dispersion zeros, as such a refractive index profile enables phase-matching on both sides of the anomalous dispersion regime, similar to the simultaneous transfer of energy across both sides of the anomalous dispersion regime in the standard supercontinuum generation process 40 . A further characteristic of the supercontinuum demonstrated here is an early stagnation of the spectral broadening process, followed by static propagation without further changes of the spectral properties, indicating that no further FWM or other interaction processes have an important role.
It appears illustrative to track changes of soliton behavior with increasing soliton order (Figure 4 ). For instance, consider the blue curve corresponding to the case τ = 5 fs. At low intensities (N ≈ 1), stable soliton propagation takes place, which is only slightly affected by the Raman effect. No significant energy transfer to a dispersive wave takes place, which also holds for soliton numbers up to N ≈ 2. Beyond this value, a sharp transition to another regime appears, and an annihilation of the soliton takes over without any stable soliton propagation anymore. The exact transition point critically depends on pulse duration. At τ = 2.5 fs (1.5-cycle pulse), for example, the transition already appears at N = 2, whereas in case of longer solitons (30 fs duration), annihilation only sets in for N~10. For even longer Simple route toward efficient frequency conversion I Babushkin et al pulses, the full soliton breakdown with complete energy removal from the anomalous dispersion regime does not appear anymore at realistic input pulse energies. As one can see from Figure 4a , the soliton behavior before and after the breakdown threshold is different in another important respect. Below the threshold, the higher-order soliton shows typical recompression behavior, accompanied with the decrease of the pulse duration and increase of the peak intensity ( Figure 4a , dashed line). Cherenkov radiation is created but there is still enough energy in the anomalous range, which also does not disappear with further propagation (Figure 4c and 4e) . This is not anymore the case for the pulses above the breakdown threshold as shown in Figure 4d and 4f. In this case, no pulse recompression takes place at all (see Figure 4a , solid line, as well as Figure 3) . We have to point out here again that the complete depletion of the energy in the anomalous dispersion regime appears during an extremely short propagation distance of few hundreds micrometers. The significant spectral broadening appears therefore as an implosionlike behavior. The resulting supercontinuum spectra on both sides are generated on much shorter distances than in the standard soliton fission process.
One of the main important features of the soliton annihilation process is its inherent capability of producing completely coherent and compressible spectra. Other than soliton fission, the process is absolutely deterministic and does not critically depend on input noise. Propagation dynamics in the normal dispersion regime is generally known to exhibit a low sensitivity to quantum noise 6, 7 , thus making it preferable to immediately transfer the whole energy into this region. Figure 5a and 5b displays the spectrum of one-shot at the end of the fiber of the low-and high-frequency parts, together with the corresponding spectral phase for the case τ = 5 fs, N = 8. The spectrum is extremely smooth over the entire range, in contrast to supercontinua typically generated by soliton fission. The phase does not exhibit any strong irregularities, an important characteristic to go beyond the fundamental limitations for few-cycle pulse generation from standard supercontinuum spectra 19 . Compressibility of the spectra therefore appears to be fairly straightforward. To demonstrate the superior coherence properties of our scheme (see Figure 5a and 5b, green lines), we calculate the modulus of the complex degree of first-order coherence 41 , 7gðoÞ7 as a measure for the SC phase stability gðoÞ ¼ oℰ i ðoÞℰ j ðoÞ> iaj =o7ℰðoÞ7 2 >, where the angular brackets denote an ensemble average over 410 pairs of SC spectra. These spectra are independently numerically generated by using different quantum-limited shot noise seeds. In the numerator the average is made over all possible pairs fℰ i ; ℰ j g in the ensemble, excluding i = j. In these simulations we did not observe indications for pulse splitting or strong irregularities on the output pulses, see Figure 5c and 5d. For further demonstration, we separately simulate compression of either the low-frequency or the high-frequency part of the spectrum, as obtained for input pulses with τ = 5 fs and N = 8. The corresponding output dispersive waves are shown in Figure 5e and 5f, respectively. As the pulses are created at a very early stage of the propagation dynamics in the fiber and linearly disperse with successive propagation, the resulting nonlinear and linear phase contributions on the pulses can be easily compensated for by prism pairs or dispersion shapers, provided only that the propagation length in the fiber is kept at a minimum. The high-frequency part of the spectrum appears from 315 to 787 nm. This part of the spectrum is compressed into a 2.8-nJ sub-cycle pulse with a FWHM of 0.32 fs, as shown in Figure 5f . In addition, the lowfrequency part of the spectrum from 1260 to 3780 nm is separately compressed to a 2.6-nJ pulse with a FWHM duration of 16 fs, that is, encompassing only about 1.5 oscillation cycles (Figure 5e ).
For the complete conversion of soliton radiation into octavespanning Cherenkov radiation spectra, one requires pulse energies in excess of 5 nJ at few-cycle pulse duration to be launched into a photonic crystal fiber. These requirements do not seem to lie much above commercially available two-cycle Ti:sapphire oscillators offering Simple route toward efficient frequency conversion I Babushkin et al up to 3 nJ at the oscillator output, but the associated non-Gaussian beam profiles typically only enable coupling of a fraction of the available energy into the fiber. Low-repetition rate sources exist that can easily offer sufficient pulse energy even at 10% coupling efficiencies, yet at the price of about five times longer pulse duration. In either case, parameters are about one order of magnitude away from inducing a soliton breakdown inside the fiber. Another constraint arises as input peak powers of nearly 10 14 W cm − 2 (for few-cycle pulses) are expected to generate catastrophic optical damage at the input face of fused-silica-based photonic crystal fibers. Experimental verification of the described soliton breakdown scenario requires either a way of increasing coupling efficiencies of few-cycle pulses into the fiber or suitable dispersion management, such that catastrophic damage is avoided at the fiber input. Finally, compression of such broadband pulses requires a suitable compressor scheme. Avoiding overlapping orders of grating-based schemes, a prism-based compressor 42 offers sufficient spectral resolution together with coverage beyond the optical octave. We further note that even at energies Simple route toward efficient frequency conversion I Babushkin et al lower than needed for soliton breakdown, clear precursors of this regime have been reported, in particular, a significant increase of energy transfer to nonsolitonic radiation 35, 36 . Those precursors were experimentally observed, yet in a fiber with only one ZDW. Furthermore, the isolated depletion of soliton energy between two zero ZDWs, yet without broadband supercontinuum generation, has been observed experimentally for narrow anomalous dispersion 20 . Our results show that this scenario becomes much more pronounced if one goes into the few-cycle regime. In closing, let us emphasize that the concept of soliton implosion is not restricted to material and pulse parameters used in our investigation. In fact, it can be readily transferred to other fibers with two ZDWs. One particular promising candidate appears to be a solid-core ZBLAN fiber, which we expect to widen the obtainable supercontinuum width significantly because of stronger nonlinearity and higher achievable dispersion enabling few-cycle solitons at lower intensities.
CONCLUSIONS
We numerically explored a new regime of supercontinuum generation in optical fibers, enabling the process of soliton breakdown, which coherently converts solitonic radiation nearly completely into dispersive radiation. The resulting supercontinua appear fully compressible, both as they maintain inter-pulse coherence as well as they do not result in overly complicated spectral phase modulations. Soliton annihilation critically relies on a combination of short input pulse duration and elevated input pulse energies, which seem to be slightly beyond the limits of currently available off-the-shelf technology. Moreover, our concept only lives to its full beauty for particular resonance conditions that are only available in fibers with two dispersion zeros. Given the demonstrated advantages of this dynamics, we nevertheless believe that our work can be particularly stimulating for experimentalists working in this field. Such broad spectra will be attractive for creation of ultrashort pulses beyond the femtosecond duration limit as well as broadband frequency combs. Simple route toward efficient frequency conversion I Babushkin et al
